The equiradial designs are studied as alternative second-order N-point spherical Response Surface Methodology designs in two variables, for design radius ρ = 1.0. These designs are seen comparable with the standard second-order response surface methodology designs, namely the Central Composite Designs. 
Introduction
Central Composite Designs (CCDs) play a vital role in modelling second-order response functions in the presence of curvature. They are particularly useful at the second phase of process optimization. However, some spherical designs exist and can serve reasonably well when the standard Central Composite Designs are unavailable and/or cannot be employed. One such class of spherical designs is the class of equiradial designs, which according to Myer etal. (2009) are some special and interesting two-factor designs for modelling second-order response functions. As the name implies, equiradial designs are designs on a common sphere and are rotatable. The class of equiradial designs begins with a pentagon of equally spaced points on the sphere with design matrix expressed as { };
where and represent the two controllable variables, ρ is the radius of the design and represents the number of points on the sphere. In addition to the radial points of the design, center points shall be added to the design. As indicated in Myer etal. (2009) , the value of is assumed equal to zero since has no effect on the information matrix, , of the design. Thus the equiradial designs are such that the information matrix is invariant to design rotation.
Many works have been done using second-order response surface models and designs. They include the construction of efficient and optimal experimental designs for second-order response surface models (see for example Onukogu and Iwundu (2007) ). Concerns about optimality of designs have been investigated for second-order models (see for example Dette and Grigoriev (2014) ). Optimal choices of design points have been addressed by a number of researchers including Chigbu and Nduka (2006) and Iwundu (2015) . Lucas (1976) compared the performances of several types of second-order response surface designs in symmetric regions on the basis of D-and G-optimality criteria. Graphical methods have been employed in studying the response variance property of second-order response surface designs as seen in Myer etal.(1992) , Myers (1989), Zahran etal (2003) . Chigbu etal. (2009) Ukaegbu and Chigbu (2015) considered the prediction capabilities of partially replicated rotatable Central Composite Designs. Their results showed that the replicated cube designs with higher replications are more efficient and have better prediction capabilities than the replicated star designs. Iwundu (2015) studied the optimal partially replicated cube, star and center runs on design region supported by points of the Face-centered Central Composite Design, using quadratic models. With variations involving replicating the cube points while the star points and center point are held fixed, replicating the star points while the cube points and the center point are held fixed and replicating the center point while the cube points and the star points are held fixed, results showed that for the quadratic models considered, the Face-centered Central Composite Design comprising of two cube portions, one star portion and a center point performed better than other variations under D-and G-optimality criteria. When compared with the traditional method of replicating only the center point, the variation involving two cube portions, one star portion and a center point was relatively better in terms of design efficiencies. Oyejola and Nwanya (2015) studied the performance of five varieties of Central Composite Design when the axial portions are replicated and the center point increased one and three times. An excellent review of literature on some earlier works involving Central Composite Designs in spherical regions have been documented by Chigbu etal.(2009) .
Spherical designs are useful in constructing rotatable designs in the field of combinatorics. However, it is important to obtain designs that reflect other important properties. The notions of design optimality and efficiency are paramount in assessing the quality of experimental designs. In particular, the D-optimality and D-efficiency play major roles in design optimality. They have been most studied and are also available in most statistical software. Atkinson and Donev (1992) gave various properties of the D-optimality and D-efficiency of designs under varying design conditions. It is worth noting that second-order models serve importantly in process optimization and are very reliable low-order approximating polynomials to the true unknown response functions relating a response with several controllable variables which may be natural or coded. The second-order response surface model in two controllable variables, and is given as is the random additive error associated with Y and is independently and identically distributed with zero mean and constant variance.
Methodology
For the importance of second-order Response Surface Methodology designs, we consider in this work the equiradial designs which are alternative second-order spherical Response Surface Methodology designs in two variables. The interest here is in comparing the efficiency of the equiradial designs with respect to the standard spherical Central Composite Designs. In particular interest is in how the equiradial designs compare with the Circumscribed and Inscribed Central Composite designs, which are both spherical and rotatable. We shall further consider the efficiencies of equiradial designs with respect to the D-optimal exact designs of Iwundu and Otaru (2014) For comparisons with the D-optimal exact designs, the N-point designs generated by Iwundu and Otaru (2014) shall be employed correspondingly with the N-point equiradial designs.
Results
The design measures associated with the N-point equiradial designs for ρ = 1, = 5, 6, ⋯ , 11 and = 1 are as follows; For the bivariate quadratic model in equation 1.1, the normalized information matrices and the associated determinant values corresponding to the equiradial designs are, respectively, as follows; Table 1 . The equiradial designs are further compared with D-optimal exact designs whose design points are as in Iwundu and Otaru (2014) . The D-efficiency values of the N-point equiradial designs relative to the N-point D-optimal exact designs defined on the design regions supported by design points of the Circumscribed Central Composite design, the Inscribed Central Composite design and the Face-centered Central Composite design are as in Tables 2-4. Each table comprises the design size N, the determinant values of the normalized information matrices associated with the equiradial designs, the determinant values of the normalized information matrices associated with the D-optimal exact designs as well as the D-efficiency values. 
Discussion of Results
The equiradial designs have been examined as alternative spherical designs to the rotatable Central Composite Designs (CCDs) and the D-optimal exact designs in modelling second-order response functions. These designs are seen comparable with the standard second-order Response Surface Methodology designs. The equiradial designs which are simple to construct seem to show some appealing optimality properties. A careful look at the D-efficiency values makes it interesting to note that equiradial designs are not generally inferior designs. In fact, they appear more optimal than some frequently used second-order Response Surface Methodology designs. In particular, the study revealed that equiradial designs perform generally better than the Inscribed Central Composite designs and the D-optimal exact designs defined on the design region supported by the design points of the Inscribed Central Composite design for the design sizes considered. Besides N = 12, the equiradial designs were better than the Inscribed Central Composite design under the D-efficiency criterion. Additionally, each N-point equiradial design was better than the corresponding N-Point D-optimal exact design defined on the design region supported by the design points of the Inscribed Central Composite design, except for N=10 which gave relative efficiency value of 0.9954096679. However, it is clear from the relative efficiency value that the 10-point equiradial design is as good the 10-point D-optimal exact design.
It is further observed that the equiradial designs are not as credible as the Circumscribed Central Composite design in terms of D-efficiency. This was seen in the relative efficiency values being less than 50% in all cases considered. The observation is not different for N-Point D-optimal exact designs defined on the design region supported by the design points of the Circumscribed Central Composite design. However, when compared with the D-optimal exact designs defined on the design region supported by the design points of the Face-centered Central Composite design, the equiradial designs were not too inferior as the relative efficiency values exceeded 50% in all cases considered.
Although the equiradial designs could serve as alternatives to the standard Response Surface Methodology designs, they should be used with caution especially when design optimality is paramount.
